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Multitask Constrained Motion
Control Using a Mass-Weighted
Orthogonal Decomposition
This paper presents an approach to formulating task-level motion-control for holonomi-
cally constrained multibody systems based on a mass-weighted orthogonal decomposi-
tion. The basis for this approach involves the formation of a recursive null space for
constraints and motion-control tasks onto which subsequent motion-control tasks are
projected. The recursive null space arises out of the process of orthogonalizing individual
task Jacobian matrices. This orthogonalization process is analogous to the Gram–
Schmidt process used for orthogonalizing a vector basis. Based on this mass-weighted
orthogonal decomposition, recursive algorithms are developed for formulating the over-
all motion-control equations. The natural symmetry between task-level dynamics and the
dynamics of constrained systems is exploited in this approach. An example is presented to
illustrate the practical application of this methodology. �DOI: 10.1115/1.4000907�
Introduction
The generalized motion-control of holonomically constrained
echanical systems is of significant importance to a variety of
elds including dynamics, control theory, biomechanics, and ro-
otics �1�. Holonomic motion-control involves the specification
nd execution of motion-control commands in the presence of
ystem constraints �1–3�. These constraints can be expressed as
unctions solely of the generalized coordinates �holonomic�, rather
han the generalized velocities. Since the constraints restrict the

otion of the system to a constrained motion manifold within
onfiguration space, the specified motion must be consistent with
his restricted subset of configuration space. Simple joint space
ontrol is problematic since the entire configuration space is as-
umed accessible and a particular set of arbitrarily chosen joint
pace coordinates will likely violate the system constraints. A task
pace control scheme �4,5� avoids this problem since, for redun-
ant systems, a point in task space maps to a self-motion manifold
6� in configuration space. As long as the constrained motion and
elf-motion manifolds intersect, valid constraint consistent and
ask consistent solutions exist. In addition to effectively address-
ng constrained motion-control, task space control allows for a
ierarchical specification of multiple motion-control tasks �7,8�.

This paper presents a mass-weighted orthogonal decomposition
pproach to formulating task-level motion-control for holonomi-
ally constrained systems. The motion-control is specified as a set
f task conditions, or holonomic and rheonomic �explicitly time-
ependent� servo constraints �1,9�, while the system constraints
re imposed. Due to the symmetry between tasks and constraints,
he system constraints can be incorporated naturally into the over-
ll task-level dynamics. A recursive null space, associated with the
onstraints and motion-control tasks, is formulated. Subsequent
otion-control tasks are projected onto this null space. The recur-

ive null space arises out of the process of orthogonalizing indi-
idual task Jacobian matrices. This is analogous to the Gram–
chmidt process. Based on this mass-weighted orthogonal
ecomposition, recursive algorithms are presented for formulating
he overall motion-control equations. An example is presented to
llustrate the practical application of this methodology.
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2 Task Space Description
A task space description is used as the basis for the results to be

developed throughout this paper. We first review the task space
framework for a single task.

2.1 Single Task Case. The operational space framework ad-
dresses the dynamics and control of branching chain robots �4,5�.
Given a branching chain system the initial step involves defining a
set of m task, or operational space, coordinates x�Rm. The func-
tion x�q� represents a kinematic mapping from the set of nq gen-
eralized coordinates q�Rnq to the set of task space coordinates.
The task space coordinates can represent any function of the gen-
eralized coordinates but typically are chosen to describe the set of
control coordinates �control output� associated with a motion-
control task. Figure 1 �left� illustrates a simple kinematic chain
where the task space coordinates are chosen to be the coordinates
associated with positioning the terminal point of the chain. Fur-
thermore, by taking the gradient of x, we have the relationship

ẋ = J�q�q̇ �1�

where J�q� is the Jacobian of x

J�q� =
�x

�q
� Rm�nq �2�

At this point we can address the dynamics of a system in task
space. In the nonredundant case any generalized force can be
produced by a task space force f acting at the task point along the
task coordinates. Figure 1 �left� illustrates the action of the task
space force for the intuitive case of a Cartesian positioning task.
The generalized force �or control torque� ��Rnq is then com-
posed as JTf. In the redundant case an additional term needs to
complement the task term in order to realize any arbitrary gener-
alized force. We will refer to this term as the null space term and
it can be composed as NT��, where �� is an arbitrary generalized
force and NT is the null space projection matrix.

We now express the configuration space equation of motion

M�q�q̈ + b�q,q̇� + g�q� = JTf + NT�� = � �3�

where M�q��Rnq�nq is the configuration space mass matrix,
b�q , q̇��Rnq is the vector of centrifugal and Coriolis terms, and
g�q��Rnq is the vector of gravity terms. We can premultiply Eq.

−1
�3� by JM and rearrange to get
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ẍ = JM−1JTf + JM−1NT�� − JM−1b − JM−1g + J̇q̇ �4�

here we note that ẍ=Jq̈+ J̇q̇. We can now impose the condition
hat the term associated with the null space NT�� must not con-
ribute to the task space acceleration. This is referred to as dy-
amic consistency �5� and is expressed as

JM−1NT�� = JM−1�1 − JTJT#��� = 0, ∀ �� � Rnq �5�

here J# is a generalized inverse of J. We can solve for J# under
his condition and denote this solution as J, the dynamically con-
istent inverse of J �5�

J = M−1JT�JM−1JT�−1 � Rnq�m �6�

his represents a unique right inverse of J, where by construction,
he null space projection matrix NT=1−JTJT is guaranteed not to
nfluence the task acceleration.

We can manipulate Eq. �4� to arrive at

f = �JM−1JT�−1ẍ + �JM−1JT�−1�JM−1b − J̇q̇� + �JM−1JT�−1JM−1g

�7�

his expresses the task space �operational space� equation of mo-
ion

��q�ẍ + ��q,q̇� + p�q� = f � Rm �8�

here ��q��Rm�m is the operational space mass matrix,
�q , q̇��Rm is the operational space centrifugal and Coriolis

orce vector, and p�q��Rm is the operational space gravity vec-
or. These terms are given by

��q� = �JM−1JT�−1 �9�

��q,q̇� = JTb − �J̇q̇ �10�

p�q� = JTg �11�

JT = �JM−1 �12�

hus, the overall dynamics of our multibody system can be
apped into task space by

Mq̈ + b + g = �→
JT

f = �ẍ + � + p �13�

Fig. 1 „Left… A chain with a single task defined
Cartesian position of the terminal point of the
The task space force is denoted by f. „Right…
task space vectors x1= „x1 ,y1 ,z1… and x2= „x2 ,y
independent terminal points.
n a complementary manner the overall dynamics can be mapped
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into the task consistent null space �or self-motion space� using NT.
We can design control for our system in task space coordinates

using Eq. �8�. Additionally, we can specify the null space behavior
of our system with the term NT��. The null space control term is
guaranteed not to interfere with the task dynamics of Eq. �8� due
to the condition of dynamic consistency. This allows for decou-
pled control design. Finally, the overall control torque applied to
the system is composed as in Eq. �3�, which is

� = JTf + NT�� �14�

A controller employing Eq. �8� would be assumed to have imper-
fect knowledge of the system. Therefore, Eq. �8� should reflect
estimates for the inertial and gravitational terms. Additionally, a
control law needs to be incorporated. To this end we replace ẍ in
Eq. �8� with the input of the decoupled system �5� f� to yield the
dynamic compensation equation

f = �̂f� + �̂ + p̂ �15�

where the .̂ represents estimates of the dynamic properties. Any
suitable control law can be chosen to serve as input of the decou-
pled system. In particular, we can choose a linear proportional-
derivative �PD� control law of the form

f� = Kp�xd − x� + Kv�ẋd − ẋ� + ẍd �16�

2.2 Multitask Case. We now consider a branching chain sys-
tem for which a set of n tasks �x1�q� , ¯ ,xn�q�� and n task forces
�f1 , ¯ , fn� have been defined. Figure 1 �right� illustrates this. A
given task xi�Rmi has mi task coordinates. A given task force fi
�Rmi acts at the corresponding task point xi. Associated with the
tasks is a set of n Jacobian matrices �J1 , ¯ ,Jn� given by

Ji =
�xi

�q
� Rmi�nq �17�

The task velocities are then given by ẋi=Jiq̇. We will stipulate
that the tasks are independently specified, that is, nonconflicting.
This requires that the matrix �J1

T . . .Jn
T�T�Rm�nq be full rank,

where m= �
i=1

n

mi.

We will now consider the formulation of task-level motion-

he task space vector x= „x ,y ,z… describes the
ain. The Jacobian J corresponds to this task.
branching chain with two tasks defined. The
2… describe the Cartesian positions of the two
. T
ch
A

2,z
control for this multitask case. Our goal is to control the system
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Mq̈ + b + g = � �18�

ith respect to the set of tasks �x1 , ¯ ,xn� �control outputs� given
control torque � �control input�. The methodology that we use to

chieve this will also be able to seamlessly accommodate con-
traints, as we shall see later.

This objective of formulating multitask motion-control will be
acilitated by an orthogonalization process applied to the task Ja-
obians. Specifically, given the transposes of the Jacobian matri-
es �J1

T , ¯ ,Jn
T�, we seek a projection process that can be used to

enerate a set of mutually orthogonal matrices �Q1
T , ¯ ,Qn

T�,
here Qi�Rmi�nq. The specific notion of orthogonality that is

elevant here will be defined later. First we will briefly review the
oncept of orthogonalization in inner product spaces.

2.3 Orthogonalization in Inner Product Spaces. The
ram–Schmidt process represents a standard procedure for or-

hogonalizing a set of vectors in an inner product space �10,11�. In
articular, given a subspace V of the Euclidean space Rn with
ome basis �v1 , . . . ,vm�, we can construct an orthonormal basis
u1 , . . . ,um� for V. First, we make the assignment

u1 =
1

�v1�
v1 �19�

ubsequent terms are generated as

ui =
1

�vi − projVi−1
vi�

�vi − projVi−1
vi� �20�

here

Vi−1 = span�u1, . . . ,ui−1� �21�

nd the projection operator is

projVi−1
vi = �

j=1

i−1

	u j,vi
u j �22�

In the specific case of the Euclidean inner product space, the
nner product operator 	· , ·
 represents the standard Euclidean dot
roduct. That is, for vectors a and b, we have

	a,b
 = a · b = aTb �23�

nd the distance metric �norm� is

�a� = �	a,a
 �24�

hus, the projection operator Eq. �22� can be expressed as

projVi−1
vi = ��

j=1

i−1

u ju j
T
vi �25�

nd we have

vi − projVi−1
vi = �1 − �

j=1

i−1

u ju j
T
vi �26�

Other inner products, and corresponding inner product spaces,
an be defined. A particularly useful one can be defined with
espect to the inverse of the configuration space mass matrix

�q�, where

	a,b
M−1 � aTM−1b �27�

nd the distance metric is

�a�M−1 = �	a,a
M−1 �28�

he vector space Rn endowed with the inner product of Eq. �27�
orms an inner product space. The process of orthogonalization in
his inner product space follows the same procedure as described
y Eqs. �19�–�22�. For notational brevity we will omit the sub-

−1
cript M throughout the remainder of this paper. All occurrences
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of the inner product will refer to this operation performed with
respect to M−1.

2.4 Orthogonalization of Jacobian Matrices. To generate a
mutually orthogonal set of matrices �Q1

T , ¯ ,Qn
T� from the set of

Jacobian transposes �J1
T , ¯ ,Jn

T�, we will make use of the inner
product operator of Eq. �27�. We note that when applied to matri-
ces this operator does not qualify as an inner product. That is, for
matrices A and B, the operation

	A,B
 = ATM−1B �29�

is not a scalar. Consequently, we do not have an inner product
space as before when we were considering vectors. Nevertheless,
it will be conceptually useful to consider a process analogous to
vector orthogonalization, which utilizes the operator of Eq. �29�
on matrices. Specifically, two matrices, A and B, will be consid-
ered orthogonal to each other if

	A,B
 = 	B,A
T = ATM−1B = 0 �30�
We begin the orthogonalization process with the assignment

Q1
T = J1

T �31�

Subsequent terms are generated in a manner analogous to the
Gram–Schmidt process

Qi
T = Ji

T − projVi−1
Ji

T �32�

where the projection operator is defined as

projVi−1
Ji

T � �
j=1

i−1

Q j
T	Q j

T,Q j
T
−1	Q j

T,Ji
T


= ��
j=1

i−1

Q j
T�Q jM

−1Q j
T�−1Q jM

−1�Ji
T �33�

Thus

Qi
T = Ji

T − �
j=1

i−1

Q j
T	Q j

T,Q j
T
−1	Q j

T,Ji
T


= �1 − �
j=1

i−1

Q j
T�Q jM

−1Q j
T�−1Q jM

−1�Ji
T �34�

or more concisely

Qi
T = �1 − �

j=1

i−1

Q j
TQ j

T
Ji
T �35�

where Q j denotes the dynamically consistent mass-weighted in-
verse �defined in Sec. 2.1� of Q j. That is

Q j
T � �Q jM

−1Q j
T�−1Q jM

−1 �36�

We note that the process of generating an orthogonalized set of
Jacobians from an arbitrary set using the matrix

1 − �
j=1

i−1

Q j
TQ j

T �37�

is analogous to the process of generating an orthogonalized set of
vectors from an arbitrary vector basis using the matrix

1 − �
j=1

i−1

u ju j
T �38�

We will now prove two orthogonality properties related to the
matrices �Q1

T , ¯ ,Qn
T� and �J1

T , ¯ ,Jn
T�. These properties will be

critical to the derivations presented in the following section. They
are also analogous to properties associated with an orthogonalized

set of vectors.
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PROPERTY 1. The set of matrices �Q1
T , ¯ ,Qn

T� are mutually
rthogonal.

Proof. Let us assume that the set of matrices �Q1
T , ¯ ,Qi−1

T � are
utually orthogonal. That is

	Ql
T,Qm

T 
 = QlM
−1Qm

T = 0 �39�

or any l ,m� �1, ¯ , i−1� where l�m. Now, from Eq. �35� we
ave the following relationship for Qi

T:

Qi
T = Ji

T − �
j=1

i−1

Q j
TQ j

TJi
T �40�

e can use this relationship to form the expression 	Ql
T ,Qi

T
.
xpanding, we have

	Ql
T,Qi

T
 = QlM
−1Ji

T − QlM
−1�

j=1

i−1

Q j
TQ j

TJi
T = 0 �41�

ased on the orthogonality property given by Eq. �39� we note
hat the summation in Eq. �41� reduces to

QlM
−1�

j=1

i−1

Q j
TQ j

TJi
T = QlM

−1Ql
TQl

TJi
T = QlM

−1Ji
T �42�

here l� �1, ¯ , i−1�. Substituting this into Eq. �41� we have

	Ql
T,Qi

T
 = QlM
−1Ji

T − QlM
−1Ji

T = 0 �43�

or any l� �1, ¯ , i−1�. Thus, Qi
T is orthogonal to �Q1

T , ¯ ,Qi−1
T �

nd the set �Q1
T , ¯ ,Qi

T� is mutually orthogonal. We further note
hat

	Q1
T,Q2

T
 = J1M−1�1 − J1
T�J1M−1J1

T�−1J1M−1�J2
T = 0 �44�

e have shown that if �Q1
T , ¯ ,Qi−1

T � are mutually orthogonal
hen �Q1

T , ¯ ,Qi
T� are also mutually orthogonal. Since Q1

T and Q2
T

re orthogonal then �Q1
T , ¯ ,Qn

T� must be mutually orthogonal by
nduction.

PROPERTY 2. The matrices Jl
T and Qi

T are orthogonal, where l
i.
Proof. Given Eq. �35� we can express the following relation-

hips for Jl
T and Qi

T:

Jl
T = Ql

T + �
j=1

l−1

Q j
TQ j

TJl
T �45�

Qi
T = Ji

T − �
j=1

i−1

Q j
TQ j

TJi
T �46�

e can use these relationships to form the expression 	Jl
T ,Qi

T
.
xpanding, we have

	Jl
T,Qi

T
 = QlM
−1Ji

T − QlM
−1�

j=1

i−1

Q j
TQ j

TJi
T + Jl�

j=1

l−1

Q jQ jM
−1Ji

T

− Jl�
j=1

l−1

Q jQ jM
−1�

j=1

i−1

Q j
TQ j

TJi
T �47�

ased on the orthogonality property given by Eq. �39�, we note
hat the first summation in Eq. �47� reduces to

QlM
−1�

j=1

i−1

Q j
TQ j

TJi
T = QlM

−1Ql
TQl

TJi
T = QlM

−1Ji
T �48�
nd the third summation in Eq. �47� reduces to

41004-4 / Vol. 77, JULY 2010
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Jl�
j=1

l−1

Q jQ jM
−1�

j=1

i−1

Q j
TQ j

TJi
T = Jl�

j=1

l−1

Q jQ jM
−1Q j

TQ j
TJi

T

= Jl�
j=1

l−1

Q jQ jM
−1Ji

T �49�

where l� i. Substituting Eqs. �48� and �49� into Eq. �47� yields

	Jl
T,Qi

T
 = QlM
−1Ji − QlM

−1Ji + Jl�
j=1

l−1

Q jQ jM
−1Ji

T

− Jl�
j=1

l−1

Q jQ jM
−1Ji

T = 0 �50�

Therefore, the matrices Jl
T and Qi

T have been shown to be or-
thogonal, where l� i.

3 Task-Level Control Decomposition

PROPERTY 1 states that the matrices Ql
T and Qm

T are orthogonal,
where l�m. Therefore

Ql
TQl

TQm
T Qm

T = Ql
T�QlM

−1Ql
T�−1QlM

−1Qm
T Qm

T = 0 �51�

where l�m. We can thus express the cumulative summation

1 − �
j=1

i

Q j
TQ j

T �52�

as the cumulative product

�
j=1

i

�1 − Q j
TQ j

T� �53�

We will define Eq. �53� as the cumulative null space projection
matrix

Ni
T � �

j=1

i

�1 − Q j
TQ j

T� = Ni−1
T �1 − Qi

TQi
T� �54�

Thus

Qi
T = Ni−1

T Ji
T �55�

We would now like to express the recursive nature of the op-
erational space equations. First, we will examine the nonorthogo-
nal system. We recall the equation of motion �3�

Mq̈ + b + g = � �56�

The control torque is composed of task and null space terms

� = �
i=1

n

Ji
Tfi + Nn

T�� = JTf + NT�� �57�

where J is the vertical concatenation of the n task Jacobians
�J1 , ¯ ,Jn�, the overall task force vector f is the vertical concat-
enation of the n task forces �f1 , ¯ , fn�, and NT=Nn

T. Premultiply-
ing Eq. �56� by JM−1 yields

Jq̈ + JM−1b + JM−1g = JM−1JTf �58�

We note that the overall task acceleration vector ẍ is the vertical
concatenation of the n task accelerations �ẍ1 , ¯ , ẍn�. The kine-

matic relation ẍ=Jq̈+ J̇q̇ can be substituted into Eq. �58�, yielding

ẍ + JM−1b − J̇q̇ + JM−1g = JM−1JTf �59�
Expanding yields
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�ẍ1

]

ẍn
� + �J1M−1b − J̇1q̇

]

JnM−1b − J̇nq̇
� + �J1M−1g

]

JnM−1g
�

= �J1M−1J1
T

¯ J1M−1Jn
T

] � ]

JnM−1J1
T

¯ JnM−1Jn
T ��

f1

]

fn
� �60�

r

ẍi + JiM
−1b − J̇iq̇ + JiM

−1g = JiM
−1� = JiM

−1�
j=1

n

J j
Tf j �61�

We note that Eq. �60� is a fully dense system since, in general,
o elements of JM−1JT are zero. An alternate way of generating
he task space dynamics is to use a set of orthogonalized task
acobians to represent the control torque. That is

� = �
i=1

n

Qi
Tzi + NT�� �62�

here �z1 , ¯ ,zn� are the task forces associated with the orthogo-
alized task Jacobians. We then express the task dynamics as

ẍi + JiM
−1b − J̇iq̇ + JiM

−1g = JiM
−1� = JiM

−1�
j=1

n

Q j
Tz j �63�

t will be useful to split the summation on the right hand side into
wo parts. This will consist of the summation from 1 to i, and the
ummation from i+1 to n. So we have

JiM
−1�

j=1

n

Q j
Tz j = JiM

−1�
j=1

i

Q j
Tz j + JiM

−1 �
j=i+1

n

Q j
Tz j �64�

ROPERTY 2 states that the matrices Jl
T and Qi

T are orthogonal,
here l� i. Consequently, the summation from i+1 to n vanishes.
o, Eq. �63� can be written as

ẍi + JiM
−1b − J̇iq̇ + JiM

−1g = JiM
−1�

j=1

i

Q j
Tz j �65�

n matrix form we have

ẍ + JM−1b − J̇q̇ + JM−1g = JM−1QTz �66�

r

�ẍ1

]

ẍn
� + �J1M−1b − J̇1q̇

]

JnM−1b − J̇nq̇
� + �J1M−1g

]

JnM−1g
�

= �J1M−1Q1
T

¯ 0

] � ]

JnM−1Q1
T

¯ JnM−1Qn
T ��

z1

]

zn
� �67�

iven the lower triangular form of JM−1QT we can solve this
ystem much more efficiently than the system of Eq. �60�. Spe-
ifically, we can solve for z by recursively solving for the subvec-
ors zi. Thus

zi = �JiM
−1Qi�−1�ẍi + JiM

−1�b + g − �
j=1

i−1

Q j
Tz j
 − J̇iq̇�

�68�
efining the cumulative control torque as
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�i = �
j=1

i

Q j
Tz j = �i−1 + Qi

Tzi �69�

we have

zi = �JiM
−1Qi

T�−1�ẍi + JiM
−1�b + g − �i−1� − J̇iq̇� �70�

The total control torque is

� = �n + NT�� �71�
We can incorporate this recursive structure into a formal algo-

rithm. Algorithm 1 describes the task-level orthogonalization pro-
cedure.

Algorithm 1 Task-level orthogonalization
1: N0

T=1 �initialization�
2: �0=0 �initialization�
3: for i=1 to n do
4: Qi

T=Ni−1
T Ji

T

5: zi= �JiM−1Qi
T�−1�ẍi+JiM−1�b+g−�i−1�− J̇iq̇�

6: Qi
T= �QiM−1Qi

T�−1QiM−1

7: Ni
T=Ni−1

T �1−Qi
TQi

T�
8: �i=�i−1+Qi

Tzi
9: end for
10: NT=Nn

T

11: �=�n+NT�� �total control torque�

The dynamic compensation equation and control law, analogous to
Eqs. �15� and �16�, are

zi = �JiM̂
−1Qi

T�−1�fi
� + JiM̂

−1�b̂ + ĝ − �i−1� − J̇iq̇� �72�

fi
� = Kpi

�xdi
− xi� + Kvi

�ẋdi
− ẋi� + ẍdi

�73�

3.1 Single Task Case. We can apply Algorithm 1 to a single
task x. We have

z1 = f = �JM−1JT�−1�ẍ + JM−1�b + g� − J̇q̇� �74�
This is equivalent to the operational space equation of motion Eq.
�8�. Additionally, we have

N1
T = 1 − JTJT �75�

�1 = JTf �76�

NT = N1
T = 1 − JTJT �77�

� = �1 + NT�� = JTf + NT�� �78�
and the dynamic compensation equation and control law

f = �JM̂−1JT�−1�f� + JM̂−1�b̂ + ĝ� − J̇q̇� �79�

f� = Kp�xd − x� + Kv�ẋd − ẋ� + ẍd �80�
Of course, the efficacy, both analytical and computational, of Al-
gorithm 1 is most apparent for multiple tasks, where the lower
triangular form of JM−1QT allows for efficient recursive solu-
tions. This nevertheless demonstrates how simply it reproduces
the single task solution.

4 Task-Level Control Decomposition With Constraints
We can introduce constraints into the recursive task structure

developed in the previous section. This will provide a means of
applying recursive task-level control structures to constrained sys-
tems.

We introduce a set of mC holonomic and scleronomic �not ex-
plicitly time-dependent� �12� constraint equations ��q�=0. The
mechanism of Fig. 2 is an example of a system where the holo-
nomic constraints describe a kinematic loop closure. A task, x, is

to be controlled subject to the constraints. In general, the con-
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traint equations are satisfied on a p=n−mC dimensional manifold
p in configuration space Q=Rn �see Fig. 3�. The gradient of �

ields the constraint Jacobian matrix �

� =
��

�q
� RmC�nq �81�

There exists a natural symmetry between the structure of task-
evel dynamics and the dynamics of constrained systems. This
ymmetry is derived from the common mathematical description
sed for tasks and constraints. Both utilize a Jacobian representa-
ion �task Jacobian J or constraint matrix ��. Despite the common
orm used in specifying tasks and constraints, the mechanism by
hich tasks and constraints are satisfied differs. Tasks are
chieved by means of a control input, whereas constraints are
mposed by the physical structure of the multibody system. Nev-
rtheless, due to their common mathematical form there are simi-
arities between the structure of task dynamics and constrained
ynamics. A more detailed discussion of these similarities can be
ound in Ref. �1�.

ig. 2 A multibody system with holonomic constraints in the
orm of loop constraints. The task space vector x= „x ,y ,z… de-
cribes the Cartesian position of a point on one of the links.
he objective is to control the system using task-level com-
ands in the presence of the mechanism constraints.

ig. 3 The configuration space constrained motion manifold
p defined by the constraint equations �„q…=0. All constraint
onsistent virtual variations �q lie in the tangent space of Qp
nd are orthogonal to the constraint forces.
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Drawing on this symmetry between task-level dynamics and
constrained dynamics we will represent the constraint matrix � as
the initial Jacobian in the recursive structure of Algorithm 1. In
order to preserve the same indexing �i=1, ¯ ,n� on the tasks we
will use a 0 index for the constraint terms. Thus, J0

T=�T. Further-
more, the constraints imply ẍ0=0. We will also denote the cumu-
lative total torque, which includes the constraint torque, as �i
rather than �i, which represents the cumulative control torque.
Keeping these facts in mind, from Algorithm 1 we obtain

Q0
T = �T �82�

z0 = � + � �83�

Q0
T = H�M−1 �84�

N0
T = �T �85�

�0 = �T�� + �� �86�

where H�RmC�mC is the constraint space mass matrix, which
reflects the system inertia projected at the constraint

H � ��M−1�T�−1 �87�

the term ��RmC is the vector of centrifugal and Coriolis forces
projected at the constraint

� � H�M−1b − H�̇q̇ �88�

the term ��RmC is the vector of gravity forces projected at the
constraint

� � H�M−1g �89�

and ��Rnq�nq is the constraint null space matrix

� � 1 − �� �90�

For tasks i=1, ¯ ,n, we have

Qi
T = Ni−1

T Ji
T �91�

zi = �JiM
−1Qi

T�−1�ẍi + JiM
−1�b + g − �i−1� − J̇iq̇� �92�

Qi
T = �QiM

−1Qi
T�−1QiM

−1 �93�

Ni
T = Ni−1

T �1 − Qi
TQi

T� �94�

�i = �i−1 + Qi
Tzi �95�

which is similar to the unconstrained case except that the cumu-
lative total torque �i replaces the cumulative control torque �i.
The total torque � is given by

� = �n + NT�� = � + �T	 = Q0
Tz0 + �

j=1

n

Q j
Tz j + NT�� �96�

where 	 is the vector of Lagrange multipliers representing the
constraint forces �12�. The control torque � is given by

� = � − �T	 �97�

To address the fact that some joints may be passive or unactuated,

we introduce a selection matrix S̃�R�nq−k��nq, where k is the
number of actuated joints. The condition on the unactuated joints
is then

S̃� = 0 �98�
Algorithm 2 summarizes the process of task-level control or-

thogonalization under constraints described by Eqs. �82�–�98�. As
in Algorithm 1, a controller employing the equations in Algorithm
2 should reflect estimates for the inertial and gravitational terms.
Modifying Eq. �92�, we have the following dynamic compensa-

tion equation:
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zi = �JiM̂
−1Qi

T�−1�fi
� + JiM̂

−1�b̂ + ĝ − �i−1� − J̇iq̇� �99�
Algorithm 2 Task-level orthogonalization with constraints

: N0
T=�T �initialization�

: �0=�T��+�� �initialization�
: for i=1 to n do
: Qi

T=Ni−1
T Ji

T

: zi= �JiM−1Qi
T�−1�ẍi+JiM−1�b+g−�i−1�− J̇iq̇�

: Qi
T= �QiM−1Qi

T�−1QiM−1

: Ni
T=Ni−1

T �1−Qi
TQi

T�
: �i=�i−1+Qi

Tzi
: end for
0: NT=Nn

T

1: �=�n+NT�* �total torque�
2: �=�−�T	 �total control torque�
3: S̃�=0 �condition on unactuated joints�

4.1 Single Task Case. We can apply Algorithm 2 to a single
ask x. First, it is instructive to examine the nonorthogonal case.

e express the constrained equation of motion

Mq̈ + b + g = � + �T	 �100�

ur control torque can be represented as �1�

� = �TfC + JTf = ��T JT ��fC

f

 �101�

here f is the component of the applied control force acting in the
ask direction and fC is the component of the applied control force
cting along the constraint direction. Premultiplying Eq. �100� by
M−1 yields

�M−1b − �̇q̇ + �M−1g = �M−1JTf + �M−1�T�fC + 	�
�102�

nd premultiplying Eq. �100� by JM−1 yields

ẍ + JM−1b − J̇q̇ + JM−1g = JM−1JTf + JM−1�T�fC + 	�
�103�

We wish to solve for the control forces f and fC in Eqs. �102�
nd �103�. These equations can be equivalently represented in
atrix form as

�0

ẍ

 + ��M−1b − �̇q̇

JM−1b − J̇q̇

 + ��M−1g

JM−1g

 − ��M−1�T �M−1JT

JM−1�T JM−1JT 

��	

0

 = ��M−1�T �M−1JT

JM−1�T JM−1JT 
�fC

f

 �104�

his expression of the constrained task-level equation of motion
as presented in Ref. �1�. In order to compute the control torque,
e must solve for fC and f in Eq. �104� and apply Eq. �101�. This

s a rather tedious process, which is detailed in the Appendix.
sing Algorithm 2, we can arrive at this result much less tediously
ue to the recursive nature of the formulation. We have

z0 = � + � = ��M−1�T�−1��M−1�b + g� − �̇q̇� �105�

nd

z1 = �JM−1�TJT�−1�ẍ + JM−1�b + g − �T�� + ��� − J̇q̇�
�106�

ur total torque is then

� = �T�� + �� + �TJT�JM−1�TJT�−1�ẍ + JM−1�b + g − �T���

+ ��� − J̇q̇�� �107�
nd our total control torque is
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� = �T�� + � − 	� + �TJT�JM−1�TJT�−1�ẍ + JM−1�b + g − �T��

+ ��� − J̇q̇� �108�

which is identical to the result in the Appendix. Noting that

� + � = �T�b + g� − H�̇q̇ �109�

and defining

�c�q� � �JM−1�TJT�−1 �110�

�c�q,q̇� � �cJM−1�Tb − �c�J̇ − JM−1�TH�̇�q̇ �111�

pc�q� � �cJM−1�Tg �112�

we can express Eq. �108� as

� + �T	 = �TJT��cẍ + �c + pc� + �T�� + �� �113�
Equation �113� expresses the control torque as a function of the

task accelerations ẍ, the kinematic and dynamic properties, and
the constraint forces 	. Employing a linear control law the control
equation can be expressed as

� + �T	 = �̂TJT��̂cf
� + �̂c + p̂c� + �T��̂ + �̂� �114�

where

fi
� = Kpi

�xdi
− xi� + Kvi

�ẋdi
− ẋi� + ẍdi

�115�

These equations need to be complemented by the condition on the
unactuated joints

S̃� = 0 �116�
As with Algorithm 1, the efficacy of Algorithm 2 is most ap-

parent for multiple tasks due to the recursive nature of the algo-
rithm. This nevertheless demonstrates how simply Algorithm 2
reproduces the single task solution compared with the tedious pro-
cess detailed in the Appendix.

4.1.1 Example: Mechanism With Loop Closures. A parallel
mechanism is depicted in Fig. 4. The constraint equations describe
the loop closures and are given by

��q� = �rp1
− rl1

rp2
− rl2

rp3
− rl3

� �117�

We will define the task to control the position of the platform
�see Fig. 4� while its orientation is uncontrolled; that is,
x� �q7 q8�T. Considering only the elbow joints, q2, q4, and q6, to
be actuated we have

S̃ =�
1 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 1

� �118�

where the condition on the unactuated joints is given by Eq. �116�.
The linear �PD� control law of Eq. �115� is used as the input of the
decoupled system. The gains are chosen so as to achieve critically
damped behavior of the task motion. Equation �114� is used to
compute the control torque. Figure 5 shows simulation plots for
the system under a goal position command. The time response of
the platform orientation shows undamped oscillation due to the
uncontrolled null space. Figure 6 shows simulation plots of the
control torques generated for this motion. It is noted that the zero
control torque is produced at the passive joints �1, �3, and �5 due

to the condition of Eq. �116�.
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Conclusion
We have presented an approach to formulating task-level
otion-control for holonomically constrained multibody systems

ased on a mass-weighted orthogonal decomposition. This or-
hogonal decomposition is analogous to the Gram–Schmidt pro-
ess used for orthogonalizing a vector basis. Recursive algo-
ithms, which emerge from the mass-weighted orthogonal
ecomposition, have been presented to encapsulate this approach.

In addition to the use of task-level orthogonal decomposition,
ne of the other key elements of this work is that the natural
ymmetry between constrained dynamics and task space dynamics
s exploited in order to synthesize dynamic compensation, which
roperly accounts for the system constraints while performing
ultiple control tasks. The presence of passive joints in the con-

trained system has also been accommodated. Collectively, the
pproaches presented here represent an effective set of techniques
or applying task-level control to constrained multibody systems.

An example was presented to demonstrate the efficacy of this
pproach in simulation. As a practical matter it is assumed that the
ontroller has access to the system state �via a forward dynamics
olver in the simulated case or via sensors in the physical case�
nd estimates of the dynamic properties of the physical system.
he results indicate that the analytical framework presented can
e implemented in practical constrained multibody control prob-
ems.

Fig. 4 „Left… Parallel mechanism consisting
elbow joints are actively controlled while the r
of the platform is commanded to move to a ta
trolled null space motion…. In this case nq=9,

Fig. 5 The position of the platform is commanded t
„Left… Time response of the platform position showi
control gains are Kp=100 and Kv=20. „Right… Time re

null space oscillation due to the uncontrolled null spac

41004-8 / Vol. 77, JULY 2010

aded 04 May 2010 to 171.66.16.45. Redistribution subject to ASME
Appendix: A Computing Control Torque Under Con-
straints

Given the expression for the control torque

� = �TfC + JTf = ��T JT ��fC

f

 �A1�

and the equation of motion

�0

ẍ

 + ��M−1b − �̇q̇

JM−1b − J̇q̇

 + ��M−1g

JM−1g

 − ��M−1�T �M−1JT

JM−1�T JM−1JT 

��	

0

 = ��M−1�T �M−1JT

JM−1�T JM−1JT 
�fC

f

 �A2�

we can first solve for fC and f by inverting the matrix

��M−1�T �M−1JT

JM−1�T JM−1JT 
 �A3�

For a general 2�2 block matrix the inverse is given as

serial chains with loop closures. The three
aining joints are passive. „Right… The position
t while its orientation is uncontrolled „uncon-
=2, mC=6, and k=3.

ove to a target while its orientation is uncontrolled.
linear critically damped behavior to the target. The
nse of the platform orientation showing undamped
of
em
rge
o m
ng
spo
e.
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A B

C D

−1

= �A−1 + A−1B�D − CA−1B�−1CA−1 − A−1B�D − CA−1B�−1

− �D − CA−1B�−1CA−1 �D − CA−1B�−1 

�A4�

e can set

A = �M−1�T �A5�

B = �M−1JT �A6�

C = JM−1�T �A7�

D = JM−1JT �A8�

hen

A−1 = ��M−1�T�−1 = H �A9�

A−1B = H�M−1JT = �TJT �A10�

CA−1 = JM−1�TH = J� �A11�

nd

�D − CA−1B�−1 = �JM−1JT − JM−1�TH�M−1JT�−1 = �JM−1JT

− JM−1�T�TJT�−1 = �JM−1�1 − �T�T�JT�−1

= �JM−1�TJT�−1 �A12�

Fig. 6 The position of the platform is commanded t
Time response of the control torques during goal m
order of 10−14

… is produced at the passive joints �1, �
ment in the controller. The control gains are Kp=100
o we have
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��M−1�T �M−1JT

JM−1�T JM−1JT 
−1

= �H + �TJT�JM−1�TJT�−1J� − �TJT�JM−1�TJT�−1

− �JM−1�TJT�−1J� �JM−1�TJT�−1 

�A13�

We can then solve for fC. This yields

fC = − �TJT�JM−1�TJT�−1ẍ + � + �

+ �TJT�JM−1�TJT�−1J���M−1b − �̇q̇ + �M−1g�

− �TJT�JM−1�TJT�−1�JM−1b − J̇q̇ + JM−1g� − 	 �A14�

or

fC = � + � − 	 − �TJT�JM−1�TJT�−1�ẍ − J���M−1b − �̇q̇

+ �M−1g� + JM−1b − J̇q̇ + JM−1g� �A15�

Simplifying further yields

fC = � + � − 	 − �TJT�JM−1�TJT�−1

��ẍ + JM−1�b + g − �T�� + ��� − J̇q̇� �A16�

Solving for f we have

f = �JM−1�TJT�−1ẍ − �JM−1�TJT�−1J���M−1b − �̇q̇ + �M−1g�

+ �JM−1�TJT�−1�JM−1b − J̇q̇ + JM−1g� �A17�

ove to a target while its orientation is uncontrolled.
ement. Zero control torque „numerical error at the
nd �5 due to the imposition of the passivity require-
d Kv=20.
o m
ov

3, a
or

JULY 2010, Vol. 77 / 041004-9

 license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



S

S

R

0

Downlo
f = �JM−1�TJT�−1�ẍ − J���M−1b − �̇q̇ + �M−1g� + JM−1b

− J̇q̇ + JM−1g� �A18�
implifying yields

f = �JM−1�TJT�−1�ẍ + JM−1�b + g − �T�� + ��� − J̇q̇�
�A19�

o

� = �TfC + JTf = �T�� + � − 	� + �TJT�JM−1�TJT�−1

��ẍ + JM−1�b + g − �T�� + ��� − J̇q̇� �A20�
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